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Abstract. In this paper we study relations between the left-right-measure and properties of singular 
masas. Part of the analysis is mainly concerned with masas for which the left-nght-measure is the 
class of product measure. We provide examples of Tauer masas in the hyperfinite IIi factor whose 
left-right-measure is the class of Lebesgue measure. We show that for each subset S C N, there exist 
uncountably many pairwise non conjugate singular masas in the free group factors with Pukdnszky 
invariant 5* U {cxd}. 



1. Introduction and Preliminaries 
Throughout the entire paper, A4 will denote a separable IIi factor equipped with its faithful normal 
tracial state r. This trace gives rise to a Hilbert norm on A4, given by ||x||2 = t(x*x)2 , x G Ai. The 
Hilbert space completion of A4 with respect to ||-||2 is denoted by L^(A^). Let Ai act on via 
left multiplication. Let A C A4 he a maximal abelian self-adjoint subalgebra (masa). Dixmier in [5] 
defined the group of normalizing unitaries (or normalizer) of A to be the set 

N{A) = {u£ U{M) : uAu* = A} , 

where U{A4) denotes the unitary group of M. He called 

(i) A to be regular (also Cartan) if N{A)" = M, 

(ii) A to be semiregular if N(A)" is a subfactor of A4, 
(Hi) A to be singular if N{A) C A. 

Two masas A,B of Ai are said to be conjugate, if there is an automorphism 6 oi A4 such that 
6{A) = B. If there is an unitary u A4 such that uAu* = B, then A and B are called unitarily 
(inner) conjugate. One of the most fundamental problem regarding masas is to decide the conjugacy 
of two masas. The most successful invariant so far in this regard is the Pukdnszky invariant [22]. 
Nevertheless, it is not a complete invariant. 

The measure-multiplicity invariant of masas in IIi factors was studied in [8l 1121 f^i]- It was used 
in [3] to distinguish two masas with the same Pukdnszky invariant. It is a stronger invariant than 
the Pukdnszky invariant. It has two main components, a measure class [left- right- measure) and 
a multiplicity function, which together encode the structure of the standard Hilbert space as an 
associated bimodule. In this paper, we study analytical relations between the left-right-measure and 
properties of singular masas. We focus on the following question: To what extent does the standard 
Hilbert space as a natural bimodule remember properties of the masa. In |12] . we established that 
left-right-measure has all information to measure the size of N{A) (see Thm. 5.5 |12j). 

In this paper, we consider different kinds of singular masas. We introduce a condition on masas 
which forces vigorous mixing properties. Such masas are automatically strongly mixing [9] (for a proof 
see Thm. 9.2 [1]) and consequently singular. We show that if A is such a masa in A4 with singleton 
multiplicity, then the Hilbert space L'^{A4) Q L'^{A) as a natural j4, j4-bimodule is a direct sum of 
copies of L'^{A) (S)L^(y4), i.e., we show that its left-right-measure is the class of product measure. We 
also present a converse to the foresaid statement. The arguments required to prove this statement 
show that, if S C ^ is diffuse, then L'^{M) L^{B' n M) B, 5-bimodule is a direct sum of 
copies of submodules of L^{B) ® L^{B). There is an abundance of such masas in the hyperfinite Hi 
factor, but there are fewer examples of such masas, if in addition we demand that such a masa has 
a bicyclic vector. We also study the left-right-measure of T and non-F singular masas. In particular, 
we show that under certain extra assumption on central sequences, the presence of central sequences 
in a masa can be related to rigid measures. Examples of such masas come from Ergodic theory. 
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The following question asked by Banach is a long standing open problem in Ergodic theory. Does 
there exist a simple measure preserving (m.p.) automorphism with pure Lebesgue spectrum? It is 
implicit in the above question that one is asking about an action of TL. Translated to operator algebras 
this means (see for instance [H]), whether there is a way to construct the hyperfinite IIi factor as 
L°°(X, /i) XI Z, where L(Z) is a simple masa whose left-right-measure is the class of product measure. 
The term 'simple' of course means simple multiplicity or equivalently, the existence of a bicyclic 
vector of A. 

We provide an example of such a Tauer masa in the hyperfinite IIi factor. All Tauer masas are 
simple [32]. We do not know if this example arises from an action of integers or any other group 
action. But quite surprisingly Banach's problem has an easy and affirmative answer if we change the 
group. Using the methods developed in [8], we show that for each subset S" C N (could be empty), 
there are uncountably many pairwise non conjugate singular masas in the free group factors with 
Pukdnszky invariant S U {oo}. 

This paper is organized as follows. We provide the background material in this section itself. In 
§2, we study masas for which the left-right-measure is the class of product measure. §3 is devoted to 
Tauer masas. §4 contains partial results regarding the left-right-measure of T and non-T masas. In 
§5, we exhibit examples of singular masas in free group factors. 

Let J denote the Tomita's modular operator on L'^{A4), obtained by extending the densely defined 
map J : Ai ^ A4 hy Jx = x* . The image of a vector C, under J will be denoted by C,* . Let 
CA ■ L'^{M.) i-^ be the Jones projection associated to A. Denote ^ = (^ U JAJ)" . It is 

known that ca A (Thm. 3.1 |21j). Let Ma denote the unique, normal, trace preserving conditional 
expectation from A4 on to A. The conditional expectation and the trace extends to L^{A4) in a 
continuous fashion (see §B.5 [27]). With abuse of notation, we will write eA{C) = ^a{C) foi' -^^ ^iid 
vectors. Similarly, we will use the same symbol r to denote its extension. This will be clear from 
the context and will cause no confusion. This work relies on direct integrals. For standard results 
on direct integrals we refer the reader to [6]. Throughout the entire paper Nqo will denote the set 
N U {oo}. For a set X, we will write A(X) to denote the diagonal of X x X. 

Definition 1.1. Given a type I von Neumann algebra B, we shall write Type(-B) for the set of all 
those n G Nqo such that B has a nonzero component of type In. 

Definition 1.2. |22j The Pukdnszky invariant of ^ C A4, denoted by Puk{A) (or Puk_\4{A) when 
the containing factor is ambiguous) is Type(.A'(l — ba))- 

Definition 1.3. [SI \T2\ [14] The measure-multiplicity invariant of j4 C A4, denoted by m.m(A), is 
the equivalence class of quadruples (X, Ax, [^|A(X)'=]) "^|A(X)':) under the equivalence relation ^m.m, 
where, 

(i) X is a compact Hausdorff space such that C{X) is an unital, norm separable, w.o.t dense subal- 
gebra of A, 

{a) Xx is the Borel probability measure obtained by restricting the trace r on C{X), 
and, 

{Hi) ?7|A(x)': is the measure on X x X concentrated on A{X)'^, and 
(iv) m|A(j)c)c is the multiplicity function restricted to A{Xy, 

obtained from the direct integral decomposition of L^(A^) G L'^{A), so that ^(1 — ca) is the al- 
gebra of diagonalizable operators with respect to this decomposition, the equivalence 
(X, Xx, [??|A(X)<:], '^|A(X)0 ~m.m (^, Ay, [??|A(y)<:], '^|A(r)0) if and only if, there exists a Borel isomor- 
phism F : X such that, 

F*Xx = Ay, 

{F X F)*[r/|A(x)<=] = [t1\A{yy\, 

T^\A{XY o (F X F)-^ = m|A(y)c,7?|A(y)'= a.e. 

It is easy to see that the Pukdnszky invariant of ^ C is the set of essential values of the 
multiplicity function in Defn. 11.31 The measure class [?7|a(x)=] iu Defn. I1.3l is said to be the left-right- 
measure of A. Both m.m{-) and Puk[-) are invariants of the masa under automorphisms of the factor 
M.. Given a pair of masas, the mixed Pukdnszky invariant was introduced in [33] . Analogous to the 
mixed Pukdnszky invariant, one can define the joint-measure-multiplicity invariant for pair of masas 
A and B, by considering the direct integral decomposition of L^(Al) with respect to {A U JBJ)". 
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For details check Ch. V [TT]. Such invariants play a role in questions concerning unitary conjugacy 
of masas. 

In some cases, it is necessary to have a direct integral decomposition of L^(7W). These are situations 
when one considers tensors of masas. In these cases, the information on the diagonal A(X) is to be 
supplied. Following §2.3 of [12] note that 

L\M)= / nt,sd{7]\A(xr+^*>^x){t,s), 

JxxX 

where A : X i— > X x X by t i— )• (t, t), Tit^t = C for Ax almost all t, T-Lt,s depends on the Pukdnszky 
invariant and A is diagonalizable with respect to this decomposition. In such cases, we will also call 
['n\A{x)'= + A*Ax] to be the left-right-measure of A. It is to be understood that, when we consider 
direct integrals or make statements about diagonalizability, we need to complete the measures under 
consideration. 

For a masa A C A^, fix a compact Hausdorff space X such that C{X) C j4 is an unital, norm 
separable and w.o.t dense C* subalgebra. Let A denote the tracial measure on X. For Ci> C2 £ L'^{M), 
let «;^i,(;2 : C{X) C{X) 1-^ C he the linear functional defined by, 

'^Ci,C2('^ ^) = ("^Ci^j C2), a,beC{X). 
Then ^^^,^2 induces an unique complex Radon measure 1,(^2 on X x X given by, 

(1.1) K^^^^^(a(^b) = a{t)b{s)d7]^-,^(;2(t,s), 

JxxX 

and ||??Ci,f2 lit t, = ll'^Ci:C2ll' where |H|f „ denotes the total variation norm of measures. 

We will write r]^^^ = Note that r/^^ is a positive measure for all C £ L'^{A4). It is easy to see 
that the following polarization type identity holds: 

(1-2) %i,C2 = ('?Ci+C2 - VCi-Ci) + i (%+iC2 - %-<2) • 

Note that the decomposition of 7/^1,(2 in Eq. (|1.2p need not be its Hahn decomposition in general, 
but 

(1-3) 4 \r](;,^(^ \ < (?/Ci+C2 + ^Ci-C2) + iVa+i(2 + ^Ci-iC2) = 4(r/Ci + ^(2)- 

So 

(1-4) l%,C2l < % +??C2- 

To understand the relation between properties of masas and their left-right-measure, disintegration 
of measures will be used, for which we refer the reader to §2 of [2]. Let T be a measurable map from 
{X,ax) to {Y,aY), where crx,o"y are cr-algebras of subsets of X,Y respectively. Let /3 be a a-finite 
measure on ax and ^ a cr- finite measure on cry. Here f3 is the measure to be disintegrated and fi is 
often the push forward measure although other possibilities for fi is allowed. 

Definition 1.4. [2] We say that /3 has a disintegration {/3*}tey with respect to T and /i or a (T, ^u)- 
disintegration if: 

(i) /3* is a (j-finite measure on ax concentrated on {T = t} (or T^^{t}), i.e., /3*({r / t}) = 0, for 
/i-almost all t, 

and, for each nonnegative ax-measurable function / on X: 
(m) 1 1—)- /?*(/) is (Ty-measurable. 

(in) /3(/)=/i*(/5*(/)) ="/y/3*(/)^i/i(i)- 

If /3 in Defn. 11.41 is a complex measure, then the disintegration of /? is obtained by decomposing 
it into a linear combination of four positive measures, using the Hahn decomposition of its real and 
imaginary parts. 

Notation: The disintegrated measures are usually written with a subscript t f3t in the litera- 
ture. But in this paper, we will use the superscript notation t 1— > /3* to denote them. The (7ri,A)- 
disintegration of measures on X x X will be indexed by the variable t and the {tt2, A)-disintegration 
will be indexed by the variable s, where TTi : X x X X , i = 1,2, are the coordinate projections. 
We will only consider the (tTj, A)-disintegrations of the measures r](^, rjc^-^^^i^^ defined in Eq. (jl.ip . These 
disintegrations exist from Thm. 3.2 [12] (also see Thm. 1 [2]). The measure 77^ is concentrated on 
{t} X X and the measure ry^ is concentrated on X x {s} for A almost all t, s respectively. We will 
denote by ff^ the restriction of the measure rf^ on {t} x X. Similarly define f/^. Thus, fj*^,fj^ can be 
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regarded as measures on X. 

The left-right-measure [r]] of A has the following property, li 6 : X x X X x X is the flip map 
i.e., 6{t, s) = (s, t), then ^*7y <^ 1] <^ 9^:i] (see Lemma 2.9 [12]). In fact, it is possible to obtain a choice 
of rj for which Oj^rj = rj. So in most of the analysis, we will only state or prove results with respect to 
the (vTi, A)-disintegration. An analogous statement with respect to the (7r2 , A)-disintegration is also 
possible. We will only work with finite or probability measures. 

2. The Product Class 

It is not always easy to describe the properties of a singular masa based on its left-right-measure. 
However, we can write interesting properties of masas when the left-right-measure is the class of 
product measure. Such masas are singular Thm. 5.5 |12j . Examples of such masas are easy to obtain 
in many situations and many known masas, for example, the single generator masas in the free group 
factors, the masas that arise out of Bernoulli shift actions of countable discrete abelian groups belong 
to this class. In this section, we shall give analytical conditions for the left-right-measure of a masa 
to be the class of product measure. 

Let A denote the Lebesgue measure on [0,1] so that A = L°°([0, 1], A). Then A is the tracial 
measure. Let [rj] denote the left-right-measure of A. We assume that is a probability measure on 
[0,1] X [0,1] and r/(A([0,l])) =0. 

'The left-right-measure of any masa in the free group factors contains a part of A (8) A as a summand'. 
This statement of Voiculescu is one of the most important theorem in the subject (Cor. 7.6 [30] applied 
to a system of free semicirulars does the job.) This is the precise reason for the absence of Cartan 
subalgebras in the free group factors. In many cases, the left-right-measures are difficult to calculate. 
So we need conditions in terms of operators that characterize the Lebesgue class. The following is 
the main result of this section. It will be proved later in this section. 

Theorem 2.1. The left-right-measure of a masa A C Ai is the class of product measure, if there 

exists a set S C A4 such that ]E^(x) = for all x ^ S and 

(i) the linear span of S is dense in L'^{A4) Q L'^{A), 

(a) there is an orthonormal basis C A of L'^{A) such that 

oo 

||Eyi(j;u„x*)||2 < oo for all x £ S, 

n=l 

(Hi) there is a nonzero vector ( € L'^{A4) Q L'^{A) such that Ka{Cu"'C*) = /c"" o,ll n ^ 0, where u is 
a Haar unitary generator of A. 

We do not know whether the conditions in Thm. 12. H are necessary for the same conclusion to hold. 
In Thm. 12.71 we provide an analogous condition which is necessary for the left-right-measure to be of 
the product class. In general, it is of interest to know whether there exist masas for which rj \ ®\ 
but [q] 7^ [A (Xi A]. Note that the sum in Thm. 12.11 is independent of the choice of the orthonormal 
basis. This just follows by expanding elements of one orthonormal basis with respect to another. 
Hence by making similar arguments, {Hi) in Thm. 12.11 holds for any Haar unitary generator of A, if 
it holds for one Haar unitary generator. Conditions (i) and (n) in Thm. 12.11 forces that r/ <C A (8> A. 
To assure A (8) A ^ ry we need condition [Hi) (Cor. 12. 8p . As it will become clear, these conditions 
are analogous to knowing a measure from the information of its Fourier coefficients. Condition [Hi) 
is an analogue of the fact that the Fourier coefficients of A are except for the zeroth coefficient. 
In this sense the operators "K^ixynX*) can be thought of as the 'Fourier coefficients of the bimodule 

In order to motivate the conditions in Thm. 12.11 we cite some examples. Conditions [i) and {ii) 
first appeared in the study of radial masas in the free group factors (see Thm. 3.1 [25j). In this case, 
the natural choice of the orthonormal basis is Vn = m , n > 0, where Xn = yi,„.i,„i-r, The set S 

\\Xn\\2 — ^w.\w\ !L 

consists oi w — '&a[w), 1 7^ G F^, A; > 2. Single generator masas in the free group factors clearly 
satisfies all the three conditions. In fact, for all masas exhibited in §6 there is a nonzero vector for 
which [Hi) in Thm. 12. H is satisfied. However, in those examples [i) won't be satisfied. 

The second class of examples comes from inclusion of groups. Suppose F is a countable discrete ice 
group with A < F, such that L[K) C L(T) is a singular masa. Assume further that A is malnormal 
in F. It is obvious that [i), [ii) and [Hi) hold (Thm. 9.5, Cor. 9.8 [1]). Similar class of examples 
consists of freely complemented masas. 
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Next class of examples comes from ergodic theory. Consider a countable infinite abelian group T 
acting on nr("^'/") Bernoulli shift, where {X,fj,) is a probability space with at least two points. 
Then L{T) C L°°(J|p(X, ^u)) x F is a singular masa whose left-right-measure is the class of product 
Haar measure on F x F (Prop. 3.1 [H]). For any function / on the 7-th copy, 7 S F, such that 
= one has 

^LiDifuyf*) = T{fay{n)uy,j' € F, 

where u-y' are the canonical group unitaries in the crossed product, r is the tracial state and ay 

denotes the automorphism corresponding to 7'. It follows that X]7'er ||^L(r)(/^7'/*)||2 is finite. It 
is now clear that (i) and (ii) of Thm. 12.11 hold. Since the maximal spectral type of the Bernoulli 
action is the normalized Haar measure on F, any function / € L^(J|p(X, /i)) for which the maximal 
spectral type is attained, satisfies E/,(r)(/'"7/*) = for all 7 7^ 1. The last statement is equivalent 

to {in). 

In order to prove Thm. 12.11 we need to prove some auxiliary lemmas. 

Lemma 2.2. Let (1X2 G L'^{M.) be such that E,a{Ci) = = E^(C2)- Let r/(^i,f2 denote the Borel 
measure on [0, 1] x [0, 1] defined in Eq. (jl.ip . 

1°. Then 'r](j^^(2 cidmits (iTi, X)- disintegrations [0,1] 3 t ^Ci C2 '^^^ [0' 1] ^ s ^(1(2' ^^^'"^ '^i' 
i = 1,2, denotes the coordinate projections. Moreover, 

7?*^,^^([0,l]x[0,l])=E^(CiC2)W, Aa.e. 
2°. Let f G C[0, 1]. Then the functions [0, 1] 9 t i-^- r?^^ ^^(1 (g) /), [0, 1] 9 s 77^^ ^^{f (g) 1) are in 
L\{0,1],X). 

IfCi^M for i = l,2, then [0, 1] 3 t ^ ?7*^_^^(1 /), [0, 1] 3 s ^ r/^^^^^(/ ® 1) are in L'-([0, 1], A). 
3°. Let b,w£ C[0,1]. If^AiCiwQ) e L'^{A), then 

||E^(6Ci<2*)ll2 = m\' \r]l,^,{l(^w)\'dX{t). 
Jo 

Proof. 1°. That 7/(^1,(^2 admits the stated disintegrations follows from Eq. (jl.2p . Lemma 5.7 [8] and 
Lemma 2.9 jl2j . The next statement in 1° follows from an argument similar to the proof of Lemma 

6.1 dg. 

2°. Prom Eq. ()1.3p . |?7fi,^2l admits (vrj, A)-disintegrations. Use Hahn decomposition of measures and 
Lemma 3.6 [12] to see that l^/^i.^al* — (2 ^ almost all t. The function t r/^^ ^^(1 (g) /) is 
clearly measurable from Defn. II. 4| and from Eq. (jl.4p we have 



rjl^^{l(^f)\dX{t) < 11/11 / \ril,^,\ {[0,1] X [0,l])dA(i) 



< 11/11 ^ ^a([0'l] X [0'l])^Mi) + 4([0'i] X [O'lD^MO 
(||E^(CiCnili + l|]EA(C2C2)lli) <oo. 



When (^i & M a similar argument shows that the stated functions are in L°°([0, 1], A). 
3°. Since 



00 > sup 

aeC[0,l],l!a|l2<l 



1 

a{t)b{t)EAiCiwC2mdXit) 







sup \T{abEA{CiwQ))\ 

aeC[0,l],||a||2<l 

sup \T{abCi'w(2)\ 

aeC[0,l],||a|j2<l 

-1 



sup 

aeC[0,l] 
II«I!2<1 







a{t)b{t)vl,,(;A'^^w)dX{t) 
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and t A b{t)7f^^ ^^(1 (g) w) is in L}{\), so (7 is in i^(A) and 

||E^(6Ci<2)ll2 = /' \m? \ril,^,{l®w)\^d\{t). 
Jo 

□ 

Let w := {wn}^=i C C[0, 1] be an orthonormal basis of L'^{A). 

Proposition 2.3. Let Xj S 7W for i = 1,2, be such that Eyi(xj) = 0. Let us suppose that 

00 

'^■^2)112 ^ 

n=l 

// tf;' := {if;^}^;^ be an orthonormal sequence in L'^{A) with w'^ G C[0, 1] for all n, then there is a 
set F{w,w') C [0, 1] which depends on w,w' such that X{F{w,w')) = and for all t € F{w,w'Y, 

00 00 

n=l n=l 

Proof. Note that the hypothesis implies that for any a S C[0, 1], 

00 

||EA(axiw;„3;2)||2 < 00 

n=l 

and this sum is independent of the choice of the orthonormal basis. Therefore, for all a € C[0, 1], 

00 00 

Y \\^A{axiw'^x*2)\\^ < Y W^AiaxiWnxDWl . 

n=l n=l 

Let r S ^ be a nonzero projection. Identify r with a measurable subset Er of [0, 1]. We can assume 
Er is a Borel set. We claim that 

/oo « 00 

n=l •'^^ n=l 

If the claim is true, then by standard measure theory arguments we are done. 

First assume E^ is a compact set. Choose a sequence o f con tinuous functions fi such that < /; < 1 
and fi ^ XEr pointwise as / 00. Therefore by Lemma 12.21 and monotone convergence theorem, for 
all / we have. 



^^00 00 
/ fht) Y w'jfdXit) = Y W^AifiXiw'^xDWl 

n=l n=l 

< J]||E^(/^xit/;„x*2)||^= / f?{t)Y,\4„.2i^®^n)\'dX{t). 

n=l •'^ n=l 

Passing to limits, we see that Eq. ()2.ip is true whenever E^. is compact. Now use regularity of A 
to see that Eq. (|2.ip is true for all Borel sets of positive measure. □ 

Let X = ^"[0, 1]. Equip X with the product topology. Then X is known to be separable and 

metrizable. Every / € X is a infinite tuple / = (/i, /2, • • • )• Also for a sequence /^"^ G X, /^"^ — )• / 
as n ^ 00 implies that f^^ fk vt^ IMIoo for all /c € N. 

Let O = {/ € X : {fk}k=i orthonormal sequence in L^([0, 1], A)} . Then O C X is a closed 
set. Note that O is separable in the product topology. 

Proposition 2.4. Let x ^ A4. be such that E^(j;) = 0. Let us suppose that 

00 

\\^A{xwkx*)\\\ < 00. 

k=l 

Then r]x Xi^ X. 
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Proof. Let {w^"^^}'^=i C O be any countable dense set. From Prop. 12.31 and Lemma 12.21 it follows 
that there is a set F C [0, 1] with A(F) = such that for t € F'^, r/* is a finite measure and 



oo ^ CX3 



E 



|2 

< OO 



k=l k=l 

for all m G N. Let v = {vk}'^^i G O. There exists a subsequence {w^"^^^}j^i such that — )• u as 
J — 7- oo. Therefore for t £ F'^, 

oo oo 2 

|?7* (1 (8) tifc) 1^ = ^^lim ??* (1 (8) 'fi'fc™^^) (by Dominated convergence) 

k=l k=l 

oo 2 
• r f /-I ^ 

— ^ hmmf 7/2.(1 (g) If;, 



^ Hill nil o/^ 

fc=i 

00 



?7^(1 (8) tf^ ) (by Fatou's Lemma) 

A:=l 

00 

- X] l^^^-*- ® < 00 (as i G F''). 



fc=i 



Therefore for each t £ F' 



c 



00 00 

(2.2) sup ® < E ^ < 

Fix t £ F'^. lifix contains a nonzero part which is singular with respect to A, then the supremum on 
the left hand side of Eq. (j2.2p is infinite. Indeed, for simplicity assume 77* _L A. Choose a compact set 
K C [0, 1] of almost full 77* measure such that X{K) = 0. Fix a large positive number N. By regularity 
of A, there is an open set U containing K such that X{U) < Using compactness of K, we can find 
a finite number of open intervals (oj, 6j) and small positive numbers 6i for i = 1,2, ■ ■ ■ ,m, such that 
the open intervals {(cj — 6i, hi + 5i)}'^^ are disjoint and K C iS^i^ai, hi) C U^^(ai — 5i, hi + 5i) C U . 
Define 

'A^ if < s < 6i, 



fi{s) 



j-{s - Oi) + N if fflj - 5i < s < Oj, 
-^{s-bi) + N ifh<s<hi + 6^, 
, otherwise. 



Then / = X^"!]^ /i is continuous and II/II2A ~ Now consider g = jj^ — . Liductively 

construct an orthonormal sequence in C[0, 1] with the first function as g, orthogonal with respect to 
the A measure. It is now clear that in this way the supremum in Eq. ()2.2p can be made to exceed 
any large number. 

Consequently, it follows that for all t £ F'^, 

(2.3) 7?* « A. 

Finally from Lemma 3.6 of |12] . it follows that r]x <ti X ® X. □ 

Remark 2.5. Note that the proof of Prop. 12.41 actually shows that 77* ^ A with G F^([0, 1], A) for 
A almost all t. 

The set of finite signed measures on the measurable space {X, ax ) is a Banach space equipped 
with the total variation norm also called the Li-norm, which is defined by = (X), 

where denotes the variation measure of /i. It is well known that for probability measures fi and i^. 



(2.4) \\^,-j,l^ = 2 sup \^i{B) - u{B)\ = / \f-g\dj 

where /, g are density functions oi respectively with respect to any cj- finite measure 7 dominating 
both ^, V (see for instance Eq. (1.1) of |16]). We are now in a position to prove Thm. 12.11 
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Proof of Thm. [2A[ Fix a set S C M such that Ea{x) = for all x e S, span S ^ = L'^{A)^ and 



■cX )||2 < OO 



w^Aixuk 

k=l 

for all X G S, where {n^j^^^ C C[0, 1] is an orthonormal basis of L'^{A). There is a vector G L'^(A)-^ 
such that IICII2 = 1 and ri(^ = rj. Choose a sequence x„ € span S such that ||xn||2 = 1 and x.„ — )■ in 

||-||2 as ?i — )• CX3. Then (see Lemma 3.10 [E]), we have r/a;„ ">](; = V in IMItt,- Write 3;„ = Yli=i'^i,ny' 
with S S", Cj_„ G C for all 1 < i < A:„ and n G N. As yi^n ^ -S*, so for all n G N and 1 < i < kn, 



i,nUkyln)\\2 < ^■ 

k=l 

From Prop. 12.41 we have r]y.^ <C A (8> A. But 

i=l i¥=j='^ 

For 1 < i 7^ J < A;„, the measures 'nyin,yjn ^^'^ possibly complex measures, but from Eq. (jl.4p . 
I < + 'nyj,n < A (g) A. Therefore ry^^^ <C A ® A. Since 77a;„ is a probability measure so from 



Eq. (E 

1 



2 n^^^^n -^x^llt.t, = / \fn{t,s) - fm{t,s)\d{X® X){t,s) ^0 



as n,m ^ 00, where = j^^tt- Thus there is a function / G -/^""^([0, 1] x [0, 1], A (g A) such that 



' [0,1] X [0,1] 

T^li 

d(A(g)A) ' 

/ |/„(t,s)-/(t,s)|d(A^A)(t,s) ^0 

./[0,l]x[0,l] 

as n ^> 00. As r/^;^ is a probability measure for each n, so 1 1 /n 1 1 (a® a) ~ 1 ^- Therefore 

ll/llLi(A(g)A) ~ ^ ^2.'n ^ /'^(A (8) A) in ll'lli^,. By uniqueness of limits r] = fd{\ ® A). 

We will now use condition [in) of Thm. 12.11 to show that \ ® \ <^ -q. Let G ^ be the Haar 
unitary corresponding to the function t 1— >■ e^'^**. As noted after the statement of Thm. 12. H we can 
assume u = v in statement {Hi) of Thm. 12.11 There is a nonzero vector ^0 ^ L?'{M) L'^{A) such 
that Ea(^oI'"CS) = for all n / 0. By 3° of Lemma Owe have 

v\o (1 ® ^^") =0 for all n 7^ and for A almost all t. 
Thus, the Fourier coefficients of the measure ff^^ are ff^^^in) = 0, n 7^ for A almost all t. Thus 77^^ is 
equal to a multiple of A, for A almost all t. The scalar above is the total mass of the measure and in 
this case is Eyi(^oCo)(^) almost all t (see Lemma [2.2p . A straight forward calculation shows that 



r]^,{a®b)= / a(t)6(s)EA(MS)Wt^(A0A)(t,s), a,6GC7[0,l]. 

J [0,1] X [0,1] 

Thus Jl^l^x) = Ea(CoCS) ® 1- Using Defn. O it is obvious that A (g) A < 77^^ as well. Thus 
[A0A] = [7?5J. 

Note that Al^"'"^ C L'^{M) 6 L'^{A) and 'A^^'^^^ ^ /[o,i]x[o,i] ^<.«^^?o> where Q,, = C and 

associated statement about diagonalizabilty of ^ holds. There are two cases to consider. If yl^o^" = 
L^(A^) L^(j4), then r|^^-^ is indeed the left-right measure of A. In this case there is nothing to prove. 

If there is a nonzero vector ^1 G L'^{M) L'^iA) A^o^" "^ then by Lemma 5.7 [8] 



either 1^0^"'"^ ©l^^"'"^ ^ / ^t,sd(% + / 1/ ± 77^,, 

J [0,1] X [0,1] 

II II II II r® 

or ^^0^ ' A^iA"' ^ / ^t,.%o> 

JfO.llxfO.ll 



SINGULAR MASAS AND MEASURE-MULTIPLICITY INVARIANT 9 

for a r/gg + 1/ (or r]^^) measurable field of Hilbert spaces Ht^s, along with associated statement about 
the diagonalizable algebra. In the first case, use direct integrals to conclude that there is a nonzero 

vector ^1 € L'^{M) (which is ofi' course orthogonal to L'^{A) © ^^o^" "^) such that rj^^ = u. But 
by an argument analogous to the first part of the proof it follows that u <^ A (8> A. This forces that 
j4^o^" ffi ^^1^" — /[o i]x[o 1] ^t,sd'nio- Since we have to repeat this argument at most countably 
many times to exhaust L^(Al) L'^{A) (and in the process the multiplicity function will only change 
from Lemma 5.7 [8]), the proof is complete. □ 

Remark 2.6. The sum in (ii) of Thm. 12. H is the square of the Hilbert Schmidt norm of the operator 
Eyi(a; • X*). This is precisely the reason the sum is independent of the choice of the orthonormal basis. 
Note that if X]„gz ||]Ea(xi)"'x*)||2 < oo and ||lE^(y'y"y*) II2 < 00, where x,y € ^A, Eyi(x) = 

0, Eyi(y) = and v is the standard Haar unitary generator of A, then YlneZ II2 ^ 

see this, one has to use the facts ^^x^aJ' d{x£x) ' ^(a^'a) ^ i^(A (8> A). Thus conditions (z), (ii) in Thm. 
12.11 can be strengthened as: There exists a set D C A4 such that Eyi(x) = for all x G D, the set D 
is dense in L'^(A)^ and 



00 



||E/i(xiVfcX2)||2 < 00 for all xi,X2 € D, 

k=l 

for some orthonormal basis {v^} C C[0, 1] of L'^{A). One choice of D is span S. 

When the left-right-measure of a masa is th e class of product measure, the masa satisfies conditions 
very close to the ones described in Thm. 12. li This is the content of the next theorem. 

For Noo 3 ri € Puk{A), let En C [0,1] x [0,1] \ A([0, 1]) denote the set where the multiplicity 
function in m.m,{A) takes the value n. It is well known that £"„ is r/-measurable. Then 

(2.5) L\M)QL\A)^ © L\En,v\Ej(^C''= e T ClJ^EAt,s), 

n&Puk{A) nePMfc(A) J[o,l]x[0,l] 

where C"^ = C" for (t, s) G En when n < 00, and C°° = = /2(N). Under this decomposition one 
has 

A'{l-eA)= © L'^{En,rj\Ej'^Mn{C), 

n£Puk{A) 

where A^oo(C) is to be interpreted as B(/2(N)). Consequently, it follows that for Nqo 3 n € Puk{A) 
the projections XEn In lie in Zi{A') = A, where 1„ denotes the identity of A^„(C) if n < 00 

and loo = 1b(«2(n))- For n G Puk{A) choose vectors l<i<n(l<i<ooif?i = 00) so 

that the projections Pj^"^ : L'^{A4) i— )• A^j^^^A are mutually orthogonal, equivalent in A', and 

1:^=1 Pt^=XE^^ In. 

Theorem 2.7. Let A C M be a masa. Let the left-right-measure of A be the class of product measure. 
Then there is a set S C L^(A1) L'^{A) such that span S is dense in L'^{A)-^ , 

00 

Y,\\^A{(:WnC)\\l<^for allCeS 

n=l 

for some orthonormal basis {wn}'^=i C A of L'^{A), and there is a nonzero ^ G L^(A^) QL'^{A) such 
that E^(,^?;"^*) = for all n 7^ 0, where v is a Haar unitary generator of A. 



Proof. We will first consider the case Puk{A) = {1}. In this case, 

L\M) L\A) ^ L\[0, 1] X [0, 1] \ A([0, 1]), A A), 
the left and the right actions of A being given by 

{af){t, s) = a{t)f{t, s), {fb){t, s) = b{s)f{t, s) 
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where / G L'^{A)-^ and a,b £ A. 

Let 7^ C € L'^{A)-^ be a continuous function. Then for a,b C[0, 1], 



[0,1] X [0,1] 



[0,1] X [0,1] 



a{t)b{s)C{t, s)C{t, s)dX{t)dX{s) 
a{t)b{s) \C{t,s)\'^dX{t)d\{s). 



Therefore jfj!^^^ = \Cf which is bounded, in particular in L^(A (g) A). We claim that KA{CbC*) & 



(i(A(g)A) 



L'^{A) for any b € C[0, 1]. Fix a G C[0, 1]. Then as r extends to L\ 



(2.6) / ait)EAiCbCmdX{t) = r(aE^(CK*)) = r(aCK*) 



[0,1] X [0,1] 



X 



ait)Xi\C\'it,.)b)dX{t). 



Now consider the function [0, 1] 3 t -^(ICP (^) O^)- It is clearly A-measurable and 



[0,1] X [0,1] 
1 



i{t)b{s)dr]i^{t, s) 
a{t)b{s)\Cf {t,s)dXit)dX{s) 



Xi\Crit,-)b) dX{t) 



Therefore from Eq. (12. 6p we get 



\C\'{t,s)bis)dX{s] 



dX{t) < 



1 / rl 



\J0 
1 rl 



< 



JO 



\C\'{t,s)dX{s)j dX{t) 
\C\\t,s)dX{t)dX{s) < oo. 



sup 

aGC[0,l],||a||2<l 



ait)EA{CbCmdX{t) 



sup 

agC[0,l],|la||2<l 



ait)Xi\C\Ht,-)b)dXit) 



'\{\Cf{t,-)b)\\x{t)y <oo. 



Consequently, it follows that Eyi(C6C*) € L'^{A) and 

"1 



W^AiCbC 







x{\c\'{t,.)b) dX{t). 



Let f G A be the Haar unitary corresponding to the function t i— )• e^'^**. Then {f"}nez is an 
orthonormal basis of L^{A) and by Parseval's theorem, 



|C|^(t,s)(iA(s)dA(t) < C50. 



n.eZ 



ne2 

1 /-l 



Jo 



Thus {C G L2(A)^ : Pa(C^'"C*)II2 < oo} is dense in L'^{A)- 

In the general case, write 



L\M)eL\A) 



n&Puk{A) \i=l 



n („\ Il'll2 



where cjf''^ are vectors defined prior to the proof. For each n G Puk{A) and 1 < i < n (or 1 < i < n 

as the case may be), we consider the left and right actions of A on AQ^ A to reduce the problem 
to a case similar to having one bicyclic vector. In this case, one works with bounded measurable 
functions. 

Finally, let C, G L?'{M.) correspond to the function X{(t,s):t^s}- Then r/^ = A C?) A. By arguments 
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exactly similar to the first part of the proof, conclude that E^(CaC*) € -^^(^) for all a € A. But by 
3° of Lemma 12.21 we get, 

\\^a{Cv"C*)\\1= [ |r?^(l(»w")f dA(t) = Oforalln^O. 
Jo 

□ 

The proof of Thm. 12.11 and Thm. 12.71 yield the following corollary. 
Corollary 2.8. For a masa A C M, the left-right-measure of A contains the product class as a 
summand, if and only if, there is a nonzero E L?'{M) Q L'^{A) such that Ea{£.'V^C*) = for all 
n 7^ 0, where v is a Haar unitary generator of A. 

Proof. =^ By Lemma 5.7 [8], the left-right-measure of A is of the form [A (X" A + z^] where either z/ = 
or _L A Cgi A. In any case, there is a nonzero vector ^ G L'^{A)-^ such that rj^ = X (E) X. Now use the 
argument of last part of Thm. 12.71 The reverse direction follows from the proof of Thm. 12.11 □ 

Remark 2.9. The proo f of the previous theorem shows that if ^ C is a masa satisfying the 
conditions of Thm. l2.1l or the left-right-measure of A is the product class, then there is a measurable 
partition {En}nePuk{A) of ^([0)1])'^ such that 

AL\M)eL\A)A= e etiA^'(^n,A® AU 

n.ePitfc(A) 

with the natural actions on the right hand side. 

Note that the measure-multiplicity invarian t ca n be defined for any diffuse abelian subalgebra of 
Ai in exactly the similar way defined in Defn. II. 3i If the diffuse abelian algebra is not a masa, then 
the diagonal will correspond to the completion of the relative commutant of the abelian algebra, 
so the multiplicity function along the diagonal will not be constantly 1. All other properties of the 
invariant will remain the same. We will use this observation in the following result. 

Theorem 2.10. Let A C A4 be a masa such that the left-right-measure of A is the class of product 
measure. Then for any diffuse algebra B C A, the left right-measure of B restricted to the off-diagonal 
is the class of product measure and N{B)" = B' r\ M = A. 

Proof. Since the left-right-measure of A is [A ® A], so by Thm. 12.71 there is a set S orthogonal to 
L'^{A), such that span S is dense in L'^{A)-^, J2nez ll^^(C^"C*)ll2 < °° C ^ where v is the 

standard Haar unitary generator of A. Moreover, the proof of Thm. 12.71 shows that we can assume 
^^^^^^ is bounded A (8) A almost everywhere. 

Arguments similar to the proof of Thm. 12. 71 show that K^iC'C*) defines a Hilbert Schmidt operator 
on L'^{A). Fix a diffuse subalgebra B C A. Let it; € i? be a Haar unitary generator of B. Since 
Ea(C • C) is Hilbert Schmidt, so ^^^^ \\Ea{Cw'^C)\\1 < oo and since ||Eb(-)||2 < ||IEa(-)II2 so 

WEeiCw^'OWl < oo,for all ( <E S. 

Assuming B = L°^([0, 1], A) where A is Lebesgue measure and using arguments required to prove 
Prop. 12.41 one finds ry^^^ <C A (8" A for all € 5. The extra suffix refers to the fact that we are 
considering measures with respect to B. (It should be noted that the proof of Prop. 12.41 nowhere 
uses the fact that A is a masa.) Thus ^B'nMiC) = for all C (z S. Indeed, write C = Ci + C2 with 
^B'nMiC) = Ci and 'EB'r\M{C2) = 0. For a,b e B one has 

(aCi6,C2) = TiaCibC;) = T{EB'nMiaCib)C2) = 0- 
Thus r](^^B = ^Ci fl + ^C2 B ■ ^Ci b ^ '^*^ (^^^ with the Radon-Nikodym derivative given 

by Kb(CiCi*)- Consequently, Ci = 0. Thus 5 C L'^{B' n M)^ and hence L^{A)^ C L^{B' n M)^. It 

follows that B' nM = A. 

By arguments similar to the proof of Thm. 12.11 it follows that any member in left-right-measure 

of B restricted to the off-diagonal is dominated by A (8 A. 

There is a vector / ^ G L'^{A)-^ such that EA(C^^"^) = for all n ^ 0. It follows that 

EAi^aC*) = for all a e A with r(o) = 0. Consequently, Ea(^wT) = and hence Eij(^u;"^*) = 

for all n 7^ 0. By arguments made in the last part of the proof of Thm. 12. H it follows that the 

left-right-measure of B restricted to the off diagonal is the class of product measure. 
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Finally, if / Co G L'^{N{B)"), then BCo^ ' G Cd{B) (Prop. 3.11 [12]). Thus by using Lemma 
5.7 [8], it follows r/^(j g must be supported on the diagonal; equivalently '^B'nMiCo) = Co- Thus 
Co G -^^(^)- This completes the proof. □ 



3. Tauer Masas in the Hyperfinite III Factor 

In this section, we will calculate the left-right-measures of certain Tauer masas in the hyperfinite 
III factor TZ. The examples of Tauer masas in which we are interested are directly taken from |23] . 

Definition 3.1. (White) A masa ^ in 7^ is said to be a Tauer masa, if there exists a sequence of 
finite type I subfactors {TV^j^i such that, 
(i) Afn C Mn+i for all n, 
(^^)(U~lA/;)" = 7^, 

{Hi) An = Af] Mn is a masa in 7V„ for every n. 

This allows one to write the structure of every Tauer masa A in TZ with respect to the chain 
{7Vn}^i as follows. Switching to the notation of tensor products, the above definition means that 

n 

we can find finite type I subfactors {A4.n\'^=i such that, Mn = ® Mr for every n. For m > n, the 

r=l 

m-th finite dimensional approximation of A can be written in terms of the n-th one as, 
(3.1) Am = e (8) ^m^n) 

where the direct sum is over the set of minimal projections V{An) in An and Am,n is a masa in 

m 

(8) A4r- Note that the Cartan masa arising from the infinite tensor product of diagonal matrices 

r=n+l 

inside the hyperfinite IIi factor is a Tauer masa. In Thm. 4.1 [32], White had shown that the 
Pukdnszky invariant of every Tauer masa is {1}. In fact, it follows from his proof that the bicyclic 
vector for any Tauer masa can be chosen to be an operator from TZ itself. 

Sinclair and White [23] has exhibited a continuous path of singular masas in TZ, no two of which 
can be connected by automorphisms of TZ. We are interested in two masas that correspond to the 
end points of this path. For all Tauer masas, it is clear that the Cantor set is the natural space 
where we have to build the measures. For ease of calculation, we need to index the minimal projec- 
tions in the approximating stages in an appropriate fashion. It is now time to introduce some notation. 

1° Notation : If 7V„ = (S> A^^,, (C), then the minimal projections of An will be denoted by ft(n) > 

r=l 

where t(n) = {ti,t2, ■ ■ ■ , tn) with 1 < ti < ki, 1 < i < n. The convention that we follow is 

(n)f — (n-l) j: ^ (n) (ti,t2,— ,tn-i) 

where ^"^ej*^'*^' are the minimal projections of the algebra A^^^2[ ,tn-i) ^ accordance with 

Eq. (j3.ip . The matrix units corresponding to this family of minimal projections will be denoted 
by ^"VtW, ^(n) and we will understand ^'''^ ftjn), t_{n) = ^"-"/((n)- For two tuples (ti,t2,--- ,tn) and 
(si,S2,''' ;Sn) such that tj = Sj for 1 < i < n — 1 and t„ 7^ Sn, we will write ^"^^ ft{n), s{n) = 
■'/(■,*„),{•, 

2° Notation: For any two subsets S,T C A4, we will denote by 5" • T the set span{ab : a € S,b 
G T}. The normalized trace of Aln(C) will be denoted by tr„. The unique normal tracial state of 
the hyperfinite factor TZ will be denoted by r-ji. This trace t-ji when restricted to A gives rise to a 
measure on a Cantor set which will also be denoted by t-ji. 

Recall from [19] that two subalgebras B,C in a finite factor are called orthogonal with respect 
to the unique normal tracial state tat, if Tj\fibc) = TN{b)TN{c) for all 6 € i?, c S C. The next lemma 
is very well known but we record it for convenience. 

Lemma 3.2. If A, B are two masas in A4„(C) orthogonal with respect to the normalized trace tvn, 
then A- B = Mn{C). 
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3.1. Tauer Masa of Product Class. 

Following Sinclair and White [23], we shall calculate the measure-multiplicity invariant of a Tauer 
masa A, whose description is elaborated below. The F invariant of this Tauer masa is (A is totally 
non-F j23|). We will show that its left-right-measure belongs to the product class. This example is 
important, as, it is an example of a masa in TZ with simple multiplicity whose left-right-measure is 
the class of product measure. Such masas are rare in TZ. We do not know whether it arises from a 
dynamical system. 

Let ki = 2, and for each r > 2, let kr be a prime exceeding kik2 ■ ■ ■ kr-i- Set ^Ar to be the algebra 
of kr X kr matrices. By Thm. 3.2 [TS], there is a family {^''^ D^^'-~'^^}tjr-i) of pairwise orthogonal 

n 

masas in Mr- Let Afn = ^Mr- There is a natural inclusion x i— )■ x (>>) 1 of J\fn inside Mn+i and 

r=l 

one works in the hyperfinite IIi factor TZ, obtained as a direct limit of these 7V„ with respect to the 
normalized trace. With respect to the chain {A/'n}^i of finite type I subfactors of TZ, the masa A is 
constructed as follows. 

Let Ai = D2{C) C Ml be the diagonal masa. Having constructed An, one constructs An+i as, 
(3.2) A„+i = 0W4„)®("+i)Z)^W. 

tin) 

That (U^^iAn)" is a masa in TZ, follows from a theorem of Tauer (see Thm. 2.5 [29]). This Tauer 
masa is singular from Prop. 2.1 [23j . 



We denote by g^^) orthogonal projection from L'^{TZ) onto the subspace ^"^/t(n)-^^('^)^"^/s(n)) 
and let, 

oo 

n=l t{n), s{n): 

^1—^1)""" i^n— 1 — 1 i^n 

Clearly, P^l^^^ = ^""^ ft(n)J^"'^ fs(n)J and is in A. At the first sight, it might not be clear that the 
sum in Eq. ()3.3p makes sense, but, the projections involved in the sum are orthogonal and sums to 
l—eA- Indeed, since is the limit in strong operator topology of eA'^nn = J2t{n) ^{t^it2 t ) (ti t2 t ) 
(§5.3 [23], Lemma 1.2 [17]), that P = 1 — follows by rearranging terms in Eq. (|3.3p . 

The following lemma, part of which was recorded by Sinclair and White [23], will be crucial for 
our calculations. 

oo 

Lemma 3.3. For each n G letTZ = AA„ (g)7^„, where 7^„ = ( (g) MkA^))" ■ Then 

r=n+l 

(3.4) A = 0(")A(„) ® where 

t{n) 

^~oon+i ^''"^ Tauer masas in TZn and whenever t{n) ^ s(n) we have 
{i) aSUi and A^l are orthogonal in TZn, 
{n) =L\TZn). 

Moreover, for each t{n) if {Am",^-|_i}m=i denote the m-th approximation of A'^l^^-^ in TZn, then 

(3.5) 4;^^^! = and, 

(3.6) 4i,n+i= © e<^(-+'^D^l„ 

where for eachfixedm andt{n), the family {^"^~^^^ D^^^_^^}(, are pairwise orthogonal masas i?^ A^fc„+„i+i(C). 

Proof. It should be understood that in (ii) of the statement, the closure is taken with respect to the 
faithful normal tracial state of TZn- We only have to prove (ii). The rest of the statements are just 
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rephrasing of Lemma 5.6 of [23]. 

Use Lemma [321 {i) and Eq. p.Sp to conclude that 

J^lk„+i t l^oo,n,+l ^oo,n+lJ 

Since ^^"^_|„i and are orthogonal, so is ^m'n+i ^'^d ^m'n+i for all m > n + 1. Use Lemma 

[Qto conclude that (§) 7W/,v(C) ^ (^^[."i+i • ^^"l+i)""'"^ for ah m > n + 1. Now use density of 

r=n+l 

algebraic tensor product of matrix algebras in L"[lZn) to finish the proof. □ 
For each n, let Xn = {x^"'^ X2"\ • • • ,x^k^} denote a set of /c„ points. Let Y^"-^ = HX^, X^") = 

k=l 

oo oo 

n Xk and X = Jl -'^fc. that for each n, X = y(") x Therefore, X = lim y(") and C(X) 

fc=n+l fc=i 

is norm separable and w.o.t dense in A. The identification is a standard one and we omit the details. 
Write B = C{X). Therefore, 

(3.7) ^ = ©^"Vi(n)^i?S+l, 

t_{n) 

— C{X'^'^~^^^) and is a w.o.t dense, norm separable C* subalgebra of 
Lemma 3.4. For each n and t{n) ^ s{n), 

(m) for a, b G B, 

(«^"^/i(n),,(n)&/"Vi(n),.(n))r^= ■ ■ ■ K [ [ /t(n) W ^" V.(n) (s)«m^Mr7e ® Tt^) (t, s) . 

Moreover, (^'•"Vt(n),s(n)^)~"'"^ ^-5 orthogonal to (^'•"Vt'(n),s'(n)^)^"'"^ whenever t{n) ^ s{n), t'(n) 7^ 
s'(n) and (t'(n),s'(n)). 



Proof. For a, 6 € A, using Eq. (j3.4p write 

a = ('"Vg(n) ® and 6 = © ^''•'/p(n) ® ^p(n) 

£(n) - - p(n) 

g(n) T-> I- 1 ■ T 

for Uqf^n) ^ n+1' '^p{n) ^ n+i' direct multiphcation, we get 

«(^"Vt(n), s{n) ® l7e„)b = ^"'^ft{n), s{n) <^ at(n)^s(n)- 

Therefore (i) follows from (zf) of Lemma l3.3i Moreover, for a,b £ B, 

= hk2 ■ ■ ■ knTn{a{^'^'^ ft{n) ® l))T7e(fe(^"-' 4(n) ® 1)) (^Y Orthogonality, Lemma [33I(m)) 
= A:iA:2 ■■■kn [ [ a{t){^'''^ ftjn) l)(i)6(s)(^"V.(n) ® l){s)d{Tn r7^)(^, s) 



X JX 



klk2---kn at(^^n){t)bs{n){s)d{TTi(S)TTi){t,s) 



= kik2---kn / ("Vi(n)(^)^"V.(n)(5)a(^)KsKr7^®r7^)(^,s), 

where the indicators of (x^j^^ x • • • x x|"'') x X^^^^ and (xij-* x • • • x x^J^) x X^*^) corresponds to ^"^"^ ft{n) 
and ^"^^ fs{n) respectively. This proves (ii). Clearly the final statement follows from (i) and the fact 
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that ^"^^ ft{n)J^'^'^ fs{n)J aiid ^""^ ft'{n)J^"''^ fs'{n)J ^16 orthogonal projections in L'^{TZ) if {t{n),s{n)) / 
a'(n),s'(n)). - - - □ 

Remark 3.5. The following observation will be used in the next proof. On every occasion below, 
where we add direct integrals, Lemma 5.7 [8] is invoked. For ti = Si, 1 < i < n — 1 and tn 7^ Sn, the 

projection ... j ) ... ^ ) ^ ^'^^ hence is in A, as ^ is maximal abelian in B(L^(7^)). Therefore, 
^{ti- t ) (si s ) ^® decomposable (see Ch. 14 [IQ]). Denote 

= (4;^ X ... X xtzl' X X XH) X (xS;) X ... X xt"') x x X^). 
^From Lemma [3.41 it follows that the range P^i^... j ) ^ )(^^(^)) is the direct integral of complex 

numbers over the set £^(.,4„),(.,s„) with respect to th ® r?^, and, AP^^_^ ... ^ ^ ^ ^ is the diagonal- 
izable algebra with respect to this decomposition. For t{n — 1) 7^ — 1), the direct integrals of 
^(?(i-i),t„),{i(n-i),s„) and ^(?(„-i),t;,),(i'(n-i),s^) with ^ and C + 4 rest over disjoint subsets of 
X X X. Therefore, the range of P^'^'^ = P^f^ , <, , ^ is the direct integral of 

t{n), s(n): 



complex numbers with respect to t-ji^t-ji over the set En = ^ti=i ' ' ' '-'4^-1=1 '-'tlV«>i=i'^(''*")'(''**") 
associated statements about diagonalizability of ^P^"^ hold. It is important to note that En^E„ 
for all n ^ m. 



and 



n 

Let Cn = Y\kr for n > 1 and cq = 1. 

r=l 

00 



Proposition 3.6. The vector ^ ^ -i=(")/^. j^-j^^.^^^-j is a cyclic vector of A{1 — ca) and 

n=l t{n) 

(1 - eA){L^{n)) ^ / Ct,sdiTn ® Tn){t, s), where Q,, = C. 

JxxX 

Moreover, ^(1 — ca) is the algebra of diagonalizable operators with respect to this decomposition. 

Proof. Fix n € N. For each 1 < ti < hi, 1 <i<n— 1, and 1 <: tn ^ Sn ^ kn, working with vectors 
f{-,tn),{-,Sn)^ one finds (using Lemma [3.4p a positive measure V^ti ■■■ t ) (si ■■■ s ) supported on 
such that 

By making arguments similar to Rem. 13. 5| for each n find a positive measure 77^"^ on En such that 
= XEndir-jz (g) T7^) and 

pW(L^(7^))= 5: p£;...^,^)_(,^_...^,^)(L^(7^))- l\,M''Ht,s), 

tin), s{n): xxX 

where Ct^s = C and ^IP^") is diagonalizable with respect to this decomposition. Note that 
(3.8) 7?('^)(XxX) 

Cn—l Cn 

From Rem. 13. 5| note that the measures 77^"^ are supported on disjoint sets. Hence by Lemma 5.7 



Mfv v\ — ^n-l{kn kn) _ 1 1 



(3.9) 



„© 00 

(1 - eA)iL\n)) ^ / Ct,sdv{t, s), where Q,, = C, r] = V??("). 
JxxX 
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Moreover, A{1 — ca) is diagonalizable with respect to the decomposition in Eq. (13. 9p . Clearly, 

^ 1 1 
r]{XxX)= lim Vr?(")(XxX)= lim = 1. 

N^oo^-^ N^oo Co Cm 

n=l 

Finally, i] = t-ji ® t-ji. Indeed, for a, 6 € C{X), 
a{t)b{s)dri{t, s) 



XxX 



oo „ 

=J2 / a(i)6(s)d77(")(t,s) 

r,=iJXxX 

oo „ 

n=l t(n), s(n): ^XxX 

N 

But X] E ^"''/(ti,-,t„)(*)^"^./'(si,-,^n)('5) t Xa(x)<= pointwise Tn ® t-ji almost ev- 

n=l t(n), s(n): 

tl=Sl,--- ,tn-l=Sji-l,fn7^Sn 

erywhere. Use dominated convergence theorem and the fact {t-ji ® r7^)(A(X)) = to conclude 
= tt^ CS* T-/^. This completes the proof. □ 

oo 

For A, the operator x = E ~^^"^/{- tn) (■ s„) gives rise to a choice of a vector in {in) of 

n=l tin) ^ " 

Thm. 12.11 In order to get an appropriate vector one has to apply an appropriate transformation 
between the Cantor set and [0, 1], which will induce a unitary in B(L^(7^)) preserving the bimodule 
structure. Since the Pukdnszky invariant of every Tauer masa is {!}, we have computed the measure- 
multiplicity invariant of A. Note that Ax A is dense in L^(7^)QL^(A). For a £ A and any orthonormal 
basis {vn}^=i C ^ of L'^{A), one has \\EA{xaVnX*)\\l = Ix ^^(1 ^ a^'n)] dr-jiit) = \\a\\l, as 
ijx = T'R^'T'Ti (see Lemma 3.6 |12j). This shows that the Tauer masa above satisfy conditions (i) and 
(ii) of Thm. 12.11 with S = Ax A. The above Tauer masa was denoted by ^(0) in |23j . There is a 
Tauer masa of exactly opposite flavor, which we call the alternating Tauer masa. 

3.2. Alternating Tauer Masa. 

The alternating Tauer masa A{1) is a singular Tauer masa in the hyperfinite IIi factor TZ, con- 
structed by White and Sinclair |23j . It contains nontrivial centralizing sequences of TZ. In fact, its 
F-invariant is 1. This masa will play a role in §5. In §4, we will describe its left-right-measure. 

The chain for this masa is exactly similar to the masa of the product class described before. Let 
A{l)i = Z?2(C) C TWi be the diagonal masa. Having constructed j4(1).„ C Mn, one constructs 
A{l)n+i as, 
(3.10) 

{A{l)n ^^'^^^Dn+i, n even, is the diagonal masa in (C), 

0^"^A(n) ® n odd , pairwise orthogonal in Mk^^^{C). 

tin) 

We will prove that the left-right-measure of ^(1) is singular with respect to the product measure. 
Having understood the left-right-measures of A{0) and ^(1), we can describe the same for the entire 
path of masas exhibited in [23] . 



4. F AND NoN F Masas 

In this section, we study properties of left-right-measures of masas that possess nontrivial central- 
izing sequences of the factor. We also study properties of left-right-measures that prevent a masa to 
contain nontrivial centralizing sequences. This section contains partial answers. Some results in this 
section can be proved by bringing in the notion of strongly mixing masas 0. To keep this paper in 
a reasonable size, we postpone the notion of strong mixing to a future paper. 
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Definition 4.1. A centralizing sequence in a IIi factor is a bounded sequence C A4 such 

that WxnU — yxn\\2 — )• as n — > oo for all y € A^. The centralizing sequence {xn} is trivial, if there 
exists a sequence A„ G C such that — A„||2 — >• as n ^ oo. 

For a masa A (Z Ai, the T invariant of A is defined by 
T{A) = sup{r(p) :p € A is a projection and Ap contains nontrivial centralizing sequences oi pA4p}. 
It is immediate that r{A) = r(^(^)), where 9 is an automorphism of M. |23]. If r(^) = 0, then A 

is said to be totally non-F. We continue to assume that A = L°°([0, 1], A), where A is the Lebesgue 
measure. 

Proposition 4.2. Let A C Ai be a masa. Let the left-right-measure of A be [(A (8) A) + /.i], where 
H -L X'S)X and fi is finite. Then A cannot contain non trivial centralizing sequences of Ai. Moreover, 
T{A) = 0. 

Proof Write [0, 1] x [0, 1] \ A([0, 1]) = E U F, where (A (g) A)(^) = and = 0. There exists a 

nonzero vector ( G L'^{M) Q L'^{A) such that for a, 6 G C[0, 1], 

r?c(aOfe) = A(a)A(6). 
The direct integral of C is supported on F. 

If possible, let C Ahe a non trivial centralizing sequence. By making a density argument, we 
can assume that an = a'^ £ C[0, 1] and r(an) = for all n. Also assume that limsup ||an|l2 = a > 0. 

n 

A triangle inequality argument shows that ||a„C ~ C'3^n|l2 — as n — t- oo. However, 

(4.1) \\anC - Ca-nWl =(a„C, «nC) - (C«ri, «nC) " («nC, C^n) + (C«n, C«n> 

=2A(a*an). 

Eq. (j4.ip shows that ||a„C ~ Con|l2 A as n — t- oo, which is a contradiction. 

The last statement follows from the above argument by considering compressions of A4 by projec- 
tions in A, because, for any nonzero projection p € A, identifying p as the indicator of a measurable 
set Ep, it follows that the left-right-measure of the inclusion Ap C pAip will be the class of the 
restriction of A (8) A + /i to x i^p. □ 

The next re sult is a generalization of Prop. 14.21 We skip its proof, as the proof is similar to the 
proof of Prop. 14.21 

Proposition 4.3. Let A C Ai be a masa. Let the left-right-measure of A restricted to the projection 
pjqj contain the product measure as a summand, where p and q are nonzero projections in A. Then: 

(i) T{A) < 1. 

(ii) If r > p,q is any projection in A, then Ar cannot contain nontrivial centralizing sequences of 
rAir. 

Proposition 4.4. Let A d Ad be a masa. Let the left-right-measure of A be + where /i _L ACsDA, 
h' <^ X ® X, u and fi are finite and u 0. Then A cannot contain any centralizing sequence of A4 
consisting of weakly null unitaries. 

Proof Without loss of generality, we can assume that / = ^(^x) ^ L'^iX'S' X). Write [0, 1] x [0, 1] \ 

A([0, 1]) = EUF, where u{E) = and n{F) = 0. There exists a nonzero vector Co G L"^ (M) Q L'^ (A) 
such that for a,b £ C[0, 1], 



r/^^(a(g)6)= / a{t)b{s)f{t,s)dX{t)dX{s). 

^[0,1] X [0,1] 

The direct integral of (q is supported on F. Arguing as in the proof of Thm. 12.71 we conclude that 

IEa(CoKo) G ^^(^) foi^ all b £ C[0, 1] and \\^a{Cov''Co)\\1 < where v £ Ais the Haar unitary 

generator corresponding to the function t i— ?> e^'^**. 

Suppose to the contrary, there is a sequence C C[0, 1] C j4 of weakly null unitaries that 

centralize Ai. Given e > 0, choose ko £ 'N such that J2\k\>ko ||ll^^(Cof^''Co)||2 ^ Therefore on one 
hand, 



IIE^(CoanCo) 



^TianV-'')KA{Cov''Co] 



feez 
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< 



< 



^ TianV-')KA{Cov\*o] 



|fc|<fco 

EH 



T{anV-')EA{Cov'Co: 



\k\>ko 



E 



< |r(a„t;"^)| ||Ea(CoAo)||^+ E ^^""^ 

■■■ - ^ \k\>ko 



\k\<ko 
\k\<ko 



fc|>fco 



w.o.t 



Since a„ and e is arbitrary, so |[EA(CoOnCo) 111 ~^ 0- On the other hand, ||a*CoanCo ~ CoCo 111 ~^ 
as n oo and consequently ||a*EA(CoanCo) -Ea(CoCo)IIi ^ 0- So ||EA(CoanCo) lli I|Ea(CoCo)IIi- 
This is a contradiction as Co is nonzero. □ 

Corollary 4.5. T/ie left-right-measure of A{1) is singular with respect to the product class. 

Proof. By construction A{1) contains a centrahzing sequence of weakly null unitaries. □ 

Corollary 4.6. Every strongly stable (McDuff) factor contains a singular masa whose left-right- 
measure is singular with respect to the product class. 

Proof. For existence of a singular masa in a IIi factor see [20]. The statement follows by tensoring 
any singular masa in the factor by the alternating Tauer masa in TZ (see |20| I28|. Prop. 5.2 [8] and 
Lemma 3.5 [12|). □ 



It is now natural to ask the following question. If A4 = Mi®M2, where both Mi,M2 are IIi 
factors then does M contain a (singular) masa whose left-right-measure is singular with respect to 
the product class? 



Definition 4.7. A finite measure /i on [0, 1] (or S"^) is called a-rigid for \a\ = 1, if and only if, there 
is a subsequence /2„j, of /2„, = e~^'^*"*(i/i(t) (or /!„ = J^^ z~^d^{z)) that converges to a/x([0, 1]) (or 
a/x(S'^)) as /c — 7- oo. A 1-rigid measure is called rigid or a Dirichlet measure. 

We now recall some properties of a-rigid measures. For details check Ch.7 [TH]. Let /U be a a-rigid 
measure on [0, 1]. Any sequence along which converges to a/i([0, 1]) is said to be a sequence 
associated with It is easy to see that, fx is a-rigid, if and only if, the sequence of functions 
[0, 1] 9 t t— >■ e~^'^™'=* converges to a in ^u-measure. Thus u is a-rigid with associated sequence for 
any u ji. So a-rigidity is a property of equivalence class of measures, and hence can be thought of 
as a property of unitary operators, by considering appropriate Koopman operators. Atomic measures 
are always rigid. 

To motivate what follows, we consider rigid m.p. transformations. Let T be a m.p. automorphism 
of a standard probability space {X, fi). Let Ut denote the associated Koopman operator on Lp'{X, /x). 

The transformation T is said to be rigid if 1 € {f^-plnezVlo} |14j . 

Assume further that T is weakly mixing. Then L(Z) C L°°(X,fj,) xij^ Z is a singular masa [K] 

(also see Thm. 2.1 |14j). Let U^'' 1 as /c — )■ oo. A simple calculation shows that L(Z) contains a 
centralizing sequence of the crossed product factor consisting of powers of the standard Haar unitary 
generator. It is not known whether this is always the case for F-masas. Let u (which is a measure on 

Z = 5^) denote the maximal spectral type of the action T. Then there is a unit vector / € L'^{X, /i) 
such that Vn = {U^f, f) for all n G Z. It follows that v is a Dirichlet measure. The relationship 
between the maximal spectral type of an action and the left-right measure of the associated masa 
appeared in Prop. 3.1 [H]. Thus by general theory of a-rigid measures (see Ch. 7 [l3]), it follows 
that for A almost all t (A is Haar measure), the measure f)* is a-rigid for all a £ S^. 

In the general case, when A contains a nontrivial centralizing sequence of A4, one can choose a 
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central sequence consisting of trigonometric polynomials without constant term. We do not know 
whether we can choose a central sequence of the form t i— > e^'^*"'^*. In case we can, results analogous 
to the crossed product situation hold. 

Making appropriate changes to the proof of Lemma [221 we get the following result. Its proof uses 
basic facts about spaces associated to finite von Neumann algebras. We omit its proof. 

Lemma 4.8. Let ( G L'^{M) be such that E^(C) = 0. Let r](^ denote the measure on [0,1] x [0,1] 
defined in Eq. ([H]). Let b,w e C[0, 1]. Then 

||E^(6CK*)|li = \Kt)\ hc(i ® ^)l 

Jo 

Theorem 4.9. Let A <Z M. he a singular masa. Let v ^ A be a Haar unitary generator of A. Suppose 
there exists a subsequence (n^ < n^+i for all k) such that for all y £ M, 

Then the measure rf is (3 -rigid for all f3 £ , A almost all t, where [rj] is the left-right-measure of A. 

Proof. Let w be the Haar unitary generator of A that corresponds to the function [0, 1] 3 t e^'^**. 
The map from L°°([0, 1],A) to itself, which sends to for n G Z, implements a m.p. Borel 
isomorphism T : [0,1] i— )■ [0,1]. Then T xT implements an unitary U : L^{A4) i-^ L^(A^), which 
preserves the structure of L^(Al) as the natural A, A-bimodule (see Defn. II. 3p . Standard density 
arguments show that if ^ E L'^{M), then 

||^"fe^ - ^v^'' [[2 — > as A; 00. 

So, we can assume v = w. 

We know that there is a nonzero vector C, € L^(7W) Q L'^{A) such that rj = 77^. Therefore 
||IEA(?^~"'""C'y"'''C*) ~ Eyi(CC*)|li — >■ as A; 00. Consequently, using similar arguments that are 
needed to prove Lemma 14.81 we have, 

\\¥.a{v-'"^Cv''^Q*) - EA(Cr)||i = t |e"^™'=*??*(l ® v""^) - EA(CC)(i)| d\{t) ^ 

Jo 

as k 00. Hence, there exists a further subsequence n^^ and a subset E C [0, 1] such that X{E) = 0, 
and for t £ E^, 

(4.2) e-2™'='*??*(l O y"""' ) - EA(CC*)(i) ^ as / ^ 00. 

Note that EA{CC){t) = ??*([0, 1]) < 00 (see Lemma [2r2|) almost everywhere A. 

It is known that for almost every /3 S [0, 1] (with respect to A), the set of limit points of the 
sequence e~^'^^"''''^ contains a point of the form e^'^*" with a irrational (see Ch. 7 |13j). Thus by 
enlarging the null set E and renaming it to be E again, we conclude that e ^'^*"*=im* g27rjat fQj, 
t G E^, at irrational. The subsequence in the last statement depends on t. By a diagonal argument, 
it follows that for t € E'^, the measure ?]* is /3-rigid for all /3 € 5^ (see Ch. 7 |13j). □ 

Remark 4.10. Example s of s ingular masas in the hyperfinite IIi factor can be constructed that satisfy 
the hypothesis of Thm. 14.91 There exist weakly mixing actions of a stationary Gaussian process that 
has the desired properties (check §5 |31]). In fact, if A is Cartan in TZ, then there is a centralizing 
sequence in A consisting of powers of some Haar unitary generator. This follows from Thm. 5.5 [12] . 
Prop. 3.1 [14j . Thm. 4 |31] and [4]. For example, consider the Cartan masa in the hyperfinite IIi 
factor which arises from a irrational rotation along the direction of the group. 

5. Examples of Singular Masas in the Free Group Factors 

In this section, we show that given any subset S of N, there are uncountably many pairwise non 
conjugate singular masas in L(Ffc), k >2, with Pukanszky invariant 5U{oo}. All examples exhibited 
in this section are constructed from examples appearing in [8l[26]. For any masa A considered in this 
section, we assume A = L°°([0, 1], A), where A is the Lebesgue measure. If ^4 C is a masa and 
[t]] is its left-right-measure, then we will most of the time assume that 7/(A[0, 1]) = 0. There are few 
exceptions to this assumption in this section, in which case we shall notify accordingly. The next two 
corollaries are direct applications of results in [8] (see Lemma 3.1, Thm. 3.2, Lemma 5.7 and Prop. 
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5.10 of ^8j). The singularity of a masa A C M C M * N (M, are diffuse) as deduced in this section 
from results in [12], can also be deduced from Thm. 2.3 [8] or [19] . 

Corollary 5.1. Let k G Nqo CLnd k > 2. Let A C L{¥ig) be a masa. If A is freely complemented 
then Puk{A) = {oo} and its left-right-measure is the class of product measure. In particular, A is 
singular. 

Proof. Follows directly from Lemma 5.7 and Prop. 5.10 [8]. Singularity follows from Cor. 3.2 in 

m. □ 



Corollary 5.2. Let k G Nqo and k > 2. Let A C L(¥k) be a masa. Let A <^ B L{¥k), where B is 
a subalgebra and B is freely complemented. 

{i) If the left-right-measure [tjb] of the inclusion A C B is singular with respect to A (8) A, then 
Puki^(f'^-j{A) = PukB{A)U {oo} and the left-right-measure of the inclusion A C L{¥i^) is [7?b + A(8)A]. 
(ii) If the left-right-measure [qs] of the inclusion Ad B is then Puki^(j^'^(A) = {oo} and the 

left-right-measure of the inclusion A C i^(Ffc) is [A ® A]. 

Proof. Follows from Lemma 5.7 and Prop 5.10 [8]. □ 
Let r be a nonempty subset of N. Let T = {n^} with ni < n2 < • • • . Define 

r \T\ 

\T\ \ — ^ 

(5.1) Pt = < a = {anfc}fcii • > «nfc+i,0 < a„j^ < 1 for all k,2_^an^ = 

k=l 

For a, P £ Py, we say a 7^ /3 if a„j. 7^ for some k. 

Theorem 5.3. Let B <ZTZ be a singular masa such that the left-right-measure [rj-ji] of the inclusion 
B C TZ is singular with respect to A (8> A. For each a € Ppj, there exists a singular masa B^ C L{¥2) 
with PukKj^-j^Ba) = Puk-ji{B) U {00}. If a ^ f3 are any two elements o/Pn, then B^ and Bjs are 
not conjugate. 

Proof Fix a G P^. Let TZa = ®'^=iIZ. Equip IZa with the faithful trace 

00 

n=l 

where T^n denotes the unique normal tracial state of TZ. 

Then Ba = ®'^^iB is a singular masa in the hyperfinite algebra TZa and the latter is separable. 
The projections (O0---©O©10O®---), where 1 appears at the n-th coordinate, is a central 
projection p„ of IZa and it belongs to B^. The projections pn correspond to the indicator function of 
measurable subsets Fn C ([0, 1], A) respectively, so that Fn H Fm is a set of A measure for all n ^ m. 
By applying appropriate transformations, the left- right- measure B C TZ can be transported to 
each Fn x Fn, which we denote by [r]n]- We also assume r]n{Fn x Fn) = 1 for all n. Note that by 
factoriality of TZ it follows that r]n{E x F) > for all measurable rectangles E x F C Fn x Fn such 
that A(^) > 0, X{F) > (Lemma 2.9 [l2]). 

Consider {A4,tm) = iTZa,TTi^)*{TZ,Tn). Then ^A is isomorphic to L(F2) by a well known theorem 
of Dykema [7]. Then B^, C L(¥2) is a singular masa by Thm. 2.3 [8]. The left-right-measure of the 
inclusion Ba C L(¥2) is 

00 ^ 

n=l 

and PukL(^^){Ba) = VJnPuk^j^^T^^{B) U {00} = Puk-niB) U {00} from Cor. [Oand Thm. 3.2 [H]. 

Since automorphisms of IIi factors preserve the trace and orthogonal projections, the non conjugacy 
of Ba and Bp for a ^ {3 follows by considering the left-right-measures. Indeed, if Bp = <j){Ba) for some 
automorphism <j) of L{¥2) and a,/3 G Pn, then B^ and Bp would have identical bimodule structure. 
Therefore, there is a Borel isomorphism cj) : [0, 1] i->- [0, 1] such that (?!>*A = A and (0 x (/))=„ [r/s^] = [ijEf^], 
where rjB^, rjSp denote the left-right-measures of Ba and Bp respectively. 

Let Fn, En,n = 1, 2, • • • , be the measurable partitions of [0, 1] associated to the left-right-measures 
of Ba and Bp (as described above) respectively. Clearly, the class of the singular part of r]B^ will be 
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pushed forward to the class of the singular part of r/^^. If we let xe'^ = 4^{XFn)i then E'^ = Ek„ mod 
A for some kn- But the A-measure of F„ and hence E},^ are strictly decreasing as n increases. Thus 
kn = n for all n. This completes the proof. □ 

Now we construct non conjugate singular masas in the free group factors which have the same 
multiplicity. We will give a case by case argument. 
Case: {l,oo}: In Thm. 15.31 let B be the alternating Tauer masa A{1). 
Case: {l,n,oo}, n^l: Consider the matrix groups 

(5.2) Gn = {{ll) |/GP„„x€Q}, i/„ = {(/0) \fePn} cGn, where 

= 1^ I g Z, p,q odd I and P„ = |/2^" \ f e Poo,k eZ^ if n < oo, 

are subgroups of the multiplicative group of nonzero rational numbers. Then L{Gn) is the hyperfinite 
III factor 7^ and L(i?.„) C L{G n) is a singular masa with Pukdnszky invariant \n}- The left-right- 
measure of the inclusion LiHn) C LiGn) is the class of product Haar measure Af> (8> Ag on Hn x Hn-, 

where Hn denotes the character group of Hn (see Example 5.1 [26] and Example 6.2 [8]). 

As TZ®TZ = TZ, so L(i?„)(g)A(l) is a singular masa in TZ from [28] (see also and Thm. 5.15 [12]). 
Let A{1) = L°°{[0, 1], A). The Pukdnszky invariant of the inclusion L(Hn)^A(l) C 7^ is {l,n} from 
Thm. 2.1 [26]. The left-right-measure of the inclusion L{Hn)<EiA{l) C 7^ is the class of 

Xn (E)Af> (g)r7 + A*AQ- (8i?7 + Afj (g)Af> (g)A*A, 

^in Ji„ ' -H„ ' tin tin 

on i^n X Hn X [0, 1] X [0, 1], where [q] is the left-right-measure of the alternating Tauer masa restricted 
to the off diagonal and A is the map, that maps a set to its square by sending x i— )• (x, x) (see Prop. 
5.2 [8]). In this case, we need to specify the measures on the diagonals as they are necessary. Given 
a £ Pni replace the role of B in Thm. 15.31 by L{Hn)<SiA{l) to construct a masa A^^n C L(F2). 
Case: {n, oo}, n 7^ 1: Let Hn C Gn and H^o C Goo be as in the previous case. Then L{Hn x i^oo) 
is a singular masa in L(Gn x Goo) whose measure-multiplicity invariant is the equivalence class of 

{Hn X Hoc,Xfj^ (Xi A^^, [n],m), 

where rj is the sum of 

(i) Haar measure on (Hn x if 00) x (if„ x Hoo); 
(a) Haar measure on the subgroup 

-Doo = {(a,/3i,a,/32) | a G ^„,/?i,/?2 G ^00}; 
(iii) Haar measure on the subgroup 

Dn = {(ai,/3,a2,/3) | 01,02 G Hn, P G #00}; 
and where the multiplicity function on the off-diagonal is given by 



m(j) = i 7 G -D„ \ A{Hn X 

1^00, otherwise. 



This was calculated in §6, [5]. Note that r] contain singular summands, singular with respect 
to product Haar measure off the diagonal A{Hn x Hoo). For each a G Pn, make a construction 
analogous to Thm. 15.31 with B replaced by L{Hn)^L{Hoo), to construct a masa Aa^n C -L(F2). Note 
that Puk];^(j^'j{Aa,n) = {^^, oo} from Thm. 3.2 and Lemma 5.7 [8]. The left-right-measure of the 
inclusion A^^n C L{¥2) is of the same form as discussed in the previous cases. Use Lemma 3.6, Thm. 
3.8 of [12] to decide non conjugacy of Aa^n, ^0,n whenever a 7^ /3 G Pn- 

Case: S U {00}, 5 C N, 1 G 5" and |5| > 2: Write 5" = {n^ : 1 = m < ?i2 < • • • }• Let P„ and Poo 
be the subgroups of the multiplicative group of rational numbers as before. Let Gn, n > 1, be the 
matrix group 

G„ = |fo / 0] ■.x,yeQ,fePn,geP, 
IVO gj 

and Hn the subgroup consisting of the diagonal matrices in G„. Then as noted in Example 5.2 of 
[26] ■ Gn is amenable and L{Gn) — TZ. It is also true that L[Hn) is a singular masa in L{Gn) with 
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Pukdnszky invariant {n, 00} (see Prop. 2.5 [8j). Consider M„ = L{Gn)'S)TZ = TZ and consider the 
masa An = L(ff„,)(g)^(l). Then C M„ is a singular masa with PukM„{An) = {1, n, 00} (see Thm. 
2.1 [26]). Fix a G P5. Now consider 

Ma = ®nesMn and Aa = ®nesAn, where tMc,{-) = anTM„{-), 

neS 

where tm„ denotes the faithful normal tracial state of M„. Then Ma * L{'L) = Ma * LiWi) = L(F2) 
[7], Aa is a singular masa in L(F2) and Pukx,(¥2){^a) = S U {00} from Thm. 3.2 [8]. 

There exist orthogonal projections {pn}n£S C Aa with the property that X^^g^Pn = 1 and 
TL{¥2)iPn) = «ni such that the left-right-measure of the inclusion Aa C L{¥2) has A (8) A as a 
summand and measures singular with respect to A Cg) A on the squares pn x pn (here by abuse of 
notation we think of p„ as a measurable set which corresponds to the projection pn)- The singular 
part on p„ x p„ has the property that its (vri, A), (vr2, A) disintegrations are non zero almost every- 
where on pn- Non conjugacy of Aa and Ajs for a ^ l3 follows easily from Lemma 3.6, Thm. 3.8 of |12j . 

Case: S U {00}, S C N, 1 5 and |5| > 2: Let for n G Noo be the groups defined in Eq. 

(fOj) . Let M„ = L(Gn X Goo) and An = L{Hn x Hoo) for n G 5. Fix a G ¥3. Let 7W„,s = SneS^n 
and A„,5 = e^gs^n, where Ma,s is equipped with the trace TM^^si') = EneS '^nTM„{-)> where rM„ 
denotes the faithful normal tracial state of M„ . Replace the role of the masa Aa in the previous case 
by Aa^s- We omit the details. 

Case: {00}: Consider the hyperfinite IIi factor TZ with a singular masa A such that Puk-ji{A) = {00}. 
Consider the inclusion B = (8)^1^ C iS)'^=i'R- Since up to isomorphism, there is one hyperfinite IIi 
factor, so i? C 7^ is a masa from Tomita's theorem on commutants. Since Puk[B) = {00} from 
Lemma 2.4 [33], so B is singular from Cor. 3.2 j21j . Clearly, T{B) = 1. The left-right-measure of the 
inclusion B cTZ is singular to the product class from Thm. 14.41 Now apply Thm. 15.31 

The above constructions lead to the following theorem. 

Theorem 5.4. Let S be an arbitrary {could be empty) subset 0/ N. Let k G {2,3, ••• ,00} and let 
r be any countable discrete group. There exist uncountably many pairwise non conjugate singular 
masas in L(Ffc * F) whose Pukdnszky invariant is S L) {00}. 

Proof. We have already proved that there exist uncountably many pairwise non conjugate singular 
masas {Aa}aeij where / is some indexing set, in L{¥2) whose Pukdnszky invariant is S" U {00}. One 
has isomorphisms [7] 

L(F2) * L(Ffc_2 * F) ^ L(Ffc * F) for k>2. 

For k > 2, each Aa is a singular masa in L(Ffc * F) [8]. Use Lemma 5.7, Prop. 5.10 [8] to decide the 
non conjugacy of Aa and when 07^/?, in the free product. □ 

Theorem 5.5. There exist non conjugate singular masas A,B in L{¥k), 2 < k < 00, with same 
measure-multiplicity invariant. 

Proof Let TZ = L°°( H ({0,1}, Af)) x Z, where /x({0}) = /u({l}) = ^ and the action is Bernoulh 

shift. Then the copy of Z gives rise to a masa A C TZ whose multiplicity is {00} and whose left- 
right-measure is the class of product measure. This follows from the fact that the maximal spectral 
type of Bernoulli action is Lebesgue measure and its multiplicity is infinite on the orthocomplement 

of constant functions and Prop. 3.1 ^1]. Consequently, iov k > 2, A C TZ * (!'*^TZ) = L(Ffc) [7] 

r=l 

is a singular masa whose left-right-measure is the class of product measure and whose multiplicity 
function is m = 00, off the diagonal. Let B be any single generator masa of L(Ffc). The same holds 
for the single generator masas as well due to malnormality of group inclusions. A is not conjugate to 
B, as the former is not maximally injective, while the single generator masas are maximally injective 
from Cor. 3.3 [l8]. □ 

Remark 5.6. We end this paper with the following observation. The following example was con- 
structed by Smith and Sinclair in Example 5.1 of [26]. It produces an example of a m.p. dynamical 
system which solves Banach's problem with the group under consideration being . Consider the 
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matrix groups G = {(g^) :/€Q^,a;€Q} and H the subgroup of G consisting of diagonal matri- 
ces. Then L{G) is isomorphic to the hyperfinite IIi factor, and, L[H) is a singular masa in L{G). 
Note that H is a malnormal subgroup of G and G = N y\ H , where = {(q f ) : x € Q}. Matrix 
multiplication shows that (q }) is a bicyclic vector of L{H). The left-right-measure of L[H) C L[G) 
is the class of product measure (see Example 6.2 [8]). 

Acknowledgements: I thank Ken Dykema, my advisor, and Roger Smith for many helpful discus- 
sions. I am also indebted to Stuart White for valuable conversations on Tauer masas. 
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